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Why Did It Fail? Nobody Knows

Nurses: I'm sick You (scheduler):
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Why Did It Fail? Nobody Knows

Nurses: I'm sick You (scheduler):

O O
AAAA AR =

INFEASIBLE - NO SOLUTION -

*UNSAT = unsatisfiable
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Why Did It Fail? Nobody Knows

Nurses: I'm sick You (scheduler):

SUNDAY \

O O
aARA AR _

INFEASIBLE - NO SOLUTION | T~
- rUNSAT
WHY ??? = My,

*UNSAT = unsatisfiable
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Explaining Overconstrained Problems

solver: UNSAT
user: Why UNSAT?

explainer: ALL

CONSTRAINTS

.........
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Explaining Overconstrained Problems

solver: UNSAT
user: Why UNSAT?

Minimal Unsatisfiable Subsets (MUS)

explainer: minimal set constraints causing a conflict
.. ease cognitive burden for user
(Source [1])
Easy MUSs
Length of MUS = 3 Nurse Tue Tue Tue
(C1) Robert has a day off on Tue Megan D D
(C2) shift D on Tue must be covered 7/8 nurses Robert - - -
(C3) Kkristen has a day off on Tue Kevin D D
Amy 5 D N D
Reasonina: Katherine D D . .
Step I: (C?) and (C2) - (Kristen,Tue)=D (C4) Kristen D D ‘g;:;;';g;,“;ﬁg)(fg
Step 2: (C3) and (C4) - Conflict ! Jonathan D D
Richard D D
CoverD 7/8 7/8 7/8

[1] Ignace Bleukx, Tsouros, D.& Guns, T. (2024). Explainable Constraint Solving: A hands-on tutorial. CP 2023 tutorial
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MUSs are not trivial to comprehend sometimes

Not-so-easy MUSes:
Length of MUS: 11

- Shift D on Sat 2 must be covered by 6 nurses out of 8 x
- Kevin should have at least 2 consecutive days off 1 8 Wi
- Katherine should work at most 1 weekends

- Shift D on Sun 1 must be covered by 5 nurses out of 8
- Robert has a day off on Tue 2

- Kristen should work at most 1 weekends

- Megan should work at most 1 weekends

- Richard should work at most 1 weekends

- Shift D on Tue 2 must be covered by 7 nurses out of 8
- Jonathan should work at most 1 weekends 1 o X,
- Kevin has a day off on Mon 2 x

%,
» X
0 Hoc 2 et

Distribution of MUS size for first 100.000 MUSes

Number of MUSes
&61
o
o

3 11 16 21 26 31 36 41 46 51 56 61
# constraints in MUS
- Robert requests to work shift D on Wed 1

- Richard has a day off on Sat 1 Just 168 constraints, yet
- Shift D on Sat 1 must be covered by 5 nurses out of 8 .
- Robert requests to work shift D on Thu 1 100,000+ MUSes exist (Source [1])

- Robert can work at most 5 days before having a day off
- Kevin should work at most 1 weekends

- Robert requests to work shift D on Mon 1

- Robert requests to work shift D on Tue 1

- Kevin requests to work shift D on Sat 2

- Katherine has a day off on Sat 1

- Robert requests to work shift D on Fri1

[1] Ignace Bleukx, Tsouros, D.& Guns, T. (2024). Explainable Constraint Solving: A hands-on tutorial. CP 2023 tutorial
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Whatis a Step-Wise Explanation?

A chain of deductions, each using a minimal set of constraints

Nurse Sat Sun Mon ;Tue. Wed

; ; "o" off
Megan - _

D" day shift

Robert (o)
Kevin o input literals
Amy derived literals
Jonathan contradiction
CoverD 5/5 1 4[5 ! (step1)

Step 1: (Robert, Tue)=OFF + Need 4/5 nurses on Tue
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Whatis a Step-Wise Explanation?

A chain of deductions, each using a minimal set of constraints

Nurse Sat Sun Mon .Tue. Wed

Megcm D “0" off .
D" day shift
E::iirt o g input literals
Amy D derived literals
Jonathan D contradiction
Cover D 5/5 4_/5_ ' (step1)
Step 1: (Robert, Tue)=OFF + Need 4/5 nurses on Tue

Everybody else works
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Whatis a Step-Wise Explanation?

A chain of deductions, each using a minimal set of constraints

Nurse Sat Sun Mon Tue Wed

"0"  off
Megan . _
D" day shift
E::iirt (step 2) o o input literals
Amy derived literals
Jonathan contradiction
CoverD 5/5 4/5
Step 2: (Kevin,Mon)=0OFF + (Kevin,Tue)=WORK

+ Off at least 2 days before working
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Whatis a Step-Wise Explanation?

A chain of deductions, each using a minimal set of constraints

Nurse Sat Sun Mon Tue Wed
"0" off
Megan . _
bert D" day shift
Rober ‘ .
Kevin (step2)| O o D input literals
Amy derived literals
Jonathan contradiction
CoverD 5/5 4/5
Step 2: (Kevin,Mon)=0OFF + (Kevin,Tue)=WORK

+ Off at least 2 days before working

!

(Kevin,Sun)=OFF
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What is a Step-Wise Explanation?

A chain of deductions, each using a minimal set of constraints

Nurse Sat Sun Mon Tue Wed
"0"  off
Megan g _
bert D" day shift
E:vin o input literals
Amy derived literals
Jonathan contradiction
CoverD (step3) | 65 4[5
Step 3: (Kevin,Sun)=0OFF + Need 5/5 nurses on Sun

CONFLICT
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Whatis a Step-Wise Explanation?

A chain of deductions, each using a minimal set of constraints

Nurse Sat Sun Mon Tue  Wed
M 5 "0" off

egan

9 "D" day shift
Robert o]

....... olb i .

Kevin (step2)] O o D input literals
Amy D derived literals
Jonathan D contradiction
CoverD (step3) | 5[5 4[5 (step1)

Tue . Tue Tue ~_ Tuwe __ _Tue __ _Tue __

(517 817 M) A {xRobcrt - } U {Domand - 4} }: {xMcgan = LKevin — xAmy = Ljon — D}

(&2, 82, Na) = {oia = = Txgensn = D} U {MinConsOff = 2} = {aieey,, = -}
(E5,83, N5) « {adm = -} U {Demand®™ = 5} L

Kevin

13
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Explanation Construction Pipeline

Step i

constraint network

\u

(1) Search
Which (minimal) set of

constraints S can create
new reductions?

v

(2) Propagation

Given a set of constraints

S, what domain reductions EU 8 — N/

can be derived?

¢ , N\ E£D?

[ New reduction N; ’

Bleukx, I., Devriendt, J., Gamba, E., Bogaerts, B., Guns, T., & Yap, R. H. C. (2023). Simplifying step-wise explanation
sequences. Leibniz International Proceedings in Informatics, 280, 1-20.
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Explanation Construction Pipeline

/
Step i
(1) Search Greedy Enumeration. We search the constraint
WHich (mibiral) sat of space by testing subsets S of increasing size
constraints S can create (lSl = 112131"°)
_ newreductions? (') Enumerating potentially large number of S
& IO PEEHaY standard Off-the-Shelf Propagation
Given a set of constraints
S, what domain reductions N = FullPropagate(E U S) \ E
can be derived? (') overhead of FullPropagation
| i
v

New reduction N;

Bleukx, I., Devriendt, J., Gamba, E., Bogaerts, B., Guns, T., & Yap, R. H. C. (2023). Simplifying step-wise explanation
sequences. Leibniz International Proceedings in Informatics, 280, 1-20.

o SMU
X
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Explanation Construction Pipeline

i Step i We proposed:
(1) Search
Which (minimal) set of o More efficient search algorithm for S using
constraints S can create Divide-qnd—Conquer approach
new reductions?
v
(2) Propagation
Given a set of constraints o More efﬁCient propagation |evel‘dging MUIU_
S, what domain reductions valued Decision Diagrams (MDDs)
can be derived?

¢ J

New reduction N;

Bleukx, I., Devriendt, J., Gamba, E., Bogaerts, B., Guns, T., & Yap, R. H. C. (2023). Simplifying step-wise explanation
sequences. Leibniz International Proceedings in Informatics, 280, 1-20.
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PROPAGATION
I'LL DO H-MYSELF

.........
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Reframing Constraints
From Expressions to Pipes

Representation
* constraint = network of pipes

Need 4/5 nurses work on Dayl

Z (mNursei‘Dayl — D) =5 |

icNurses

Multi-valued Decision Diagrams
(MDDs)

18



Reframing Constraints
From Expressions to Pipes

Decomposition
* problem = collection of MDDs

Layer 0
Nursel Day0

Layer 1
Nursel Dayl

Layer 2
Nursel Day2

Layer 3
Nursel Day3

Layer 4
Nursel Day4

Layer 5
Nursel Day5

Layer 6
Nursel Day6

Layer 7

Min Consecutive Off Max Consecutive Work
Nurse 1 Nurse 1

Layer O
Nurse0 Dayl

Layer 1
Nursel Dayl

Layer 2
Nurse2 Dayl

Layer 3
Nurse3 Dayl

Layer 4
Nurse4 Dayl

Layer 5

Multi-valued Decision Diagrams

(MDDs)

19



Propagation
When Pipes Constrain Each Other

Layer 0
Nursel Day0

#Q (input literal)

Layer 1
Nursel Dayl

Layer 2
Nursel Day2
#D (newly derived
literal )

Layer 3
Nursel Day3

Propagation identifies BLOCKAGE
(which pipes become infeasible)
when a set of MDDs work together

Layer 4
Nursel Day4

# O (input literal)

Layer 5
Nursel Day5

Layer 6
Nursel Day6

Layer 7
MDD A: MDD B: < — inconsistent arc
Min Consecutive Off  Max Consecutive Work . onsistent arc
Nurse 1 Nurse 1

20



Propagation
When Blockage is Large Enough -> Domain Reduction

_’ oonsistent
> ino nsistent

Min Consecutive Off Max Consecutive Work

.........

21



Propagation
When Blockage is Large Enough -> Domain Reduction

.........
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Finding the Blockage: Network Flow Formulation
How do we compute which arcs are infeasible?

. NF(E,8): max Z
MILP Formulation S e o e 1o
veED,
Find consistent longest paths S b= 3 i vkes,ueli\{rnti)
through G” MDDS a€in(u) acout(u)
Y = Vk € S,z € Xg,v € Dy
“consistent” = one variable one a€Ax(z,v)
value Yz,0 =0 V(z,v) € €
7 << Z Z zf{
kEsaeKk
z¥ € {0,1} Vk € S,a € Ak
Yz v S {0, 1} \le c XS,’U € Dx

o SMU
B

max flows
to unsupported arcs

one variable,
one domain

valid s-t flow constraint

: consistent constraint
linking zand y

zero flow on
domain-reduced arcs

obj bounded by
unsupported arc flows

23
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Finding the Blockage: Network Flow Formulation
How do we compute which arcs are infeasible?

@nsistent

Min Consecutive Off Max Consecutive Work

Iteratively solve NF until no more
new pipe can be traversed

-> The remaining arcs are infeasible

24



Finding the Blockage: Network Flow Formulation
How do we compute which arcs are infeasible?

Sit. Z yI,U = 1 Va: & XS
veD,
Z z§: Z ZZ: VkES,UEVk\{rk,tk}
a€in(u) acout(u)
Y =y Vk € S, € Xi,v € D;
a€Ag(z,v)
Yo =0 V(l‘,’U) X
I
kesaexk
z¥ € {0,1} Vk € S,a € Ak
Yz v € {0, 1} Vx € XS,U € Dx

NP-Hard

Lozano, L., Bergman, D., & Smith, J. C. (2020). On the consistent path problem. Operations Research, 68(6), 1913-1931.

max flows
to unsupported arcs

one variable,
one domain

valid s-t flow constraint

,,,,,,,,,,,,,,,,,,,,,,,

' consistent constraint ;
/linking zand y ;

zero flow on
domain-reduced arcs

obj bounded by
unsupported arc flows

25
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Finding the Blockage: Network Flow Formulation

How do we compute which arcs are infeasible?

Lazy Cuts
Repeat
solve NF 7 Z Z Zg dynamic update
— objective function
extract. fI.ow | : kES oA,
mark visited pipes 2> force flows through
update obj function k€S acd, URYISILEd RIPES

“give me flows that
traverse other unvisited pipes”

complexity: O( |Arcs| )

26
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Finding the Blockage: Network Flow Formulation
Idea for tighter cuts

* Core question: “Has any variable-value assignment
(domain) become infeasible?”

-> only requires domain-level consistency

* If a single valid path uses an assignment (x=v), that
domain is officially "supported.’

!

lift lazy cuts from arc variables to
global domain variables

Max Consecutive Work
Nurse 1

27
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Finding the Blockage: Network Flow Formulation

Idea for tighter
cuts

dynamic update
objective function

force flows through Z Z ,3f;’ > 1

unvisited pipes S
PP keS ac Ay

Lazy Cuts

“give me flows that
traverse other unvisited pipes”

complexity: O( |Arcs| )

Better Lazy Cuts
“give me flows that
traverse other unvisited pipes,

from unvisited domains”

complexity: O( IDomains]| )

e
......

28
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Explanation Construction Pipeline

Step i

(1) Search
Which (minimal) set of
constraints S can create

new reductions?

"

]
&

(2) Propagation
Given a set of constraints
S, what domain reductions

can be derived?
[

v

New reduction NV; ’

We proposed:

> More efficient search algorithm for § using
Divide-and-Conquer approach

29



The Search: Minimal Explanation Steps

“find a constraint set that can create new domain reductions?”

Grow-Based Search
Step2/75
W tested

Propagation {2} NOTHING

1 3 4 5 6 7 8

(Bottom-Up)
Suffer combinatorial explosion
-> Inefficient

Junker, U. (2004, July). Quickxplain: Preferred explanations and relaxations for over-constrained problems. In Proceedings of the 19th national

conference on Atrtifical intelligence (pp. 167-172). 30
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The Search: Minimal Explanation Steps

“find a constraint set that can create new domain reductions?”

Propagation

1

(Bottom-Up)
Suffer combinatorial explosion

Grow-Based Search

Step 2 /75
W tested

II!I

{2}

NOTHING

3

7

8

-> Inefficient

Junker, U. (2004, July). Quickxplain: Preferred explanations and relaxations for over-constrained problems. In Proceedings of the 19th national
conference on Artifical intelligence (pp. 167-172).

Divide & Conquer Search

Step2/11
Mltested Mleduded

Propagation {1,2,34,5,6} NOTHING

II!I IIII I!il II!I I!il II’I IIII II:I

(Top-Down)
Recursively split MDD sets, test which
subset causes new domain reductions

31



The Search: Minimal Explanation Steps
Implementation Optimizations

. derived new
constraint set S domain reductions
. . : O O O ; ' W -~
Component-based pruning & caching | ®) > i
* (Bleukx et al. 2023) 10) O): :
: O 7 x1 =0

Modified MILP with contradiction for faster query add constraint | check
* leverage info of derived domain reductions to x1 = 0 SAT or UNSAT?
reduce optimization to feasibility problem

-> faster check in subsequent queries o -

Bleukx, 1., Devriendt, J., Gamba, E., Bogaerts, B., Guns, T., & Yap, R. H. C. (2023). Simplifying step-wise explanation sequences. 32
Leibniz International Proceedings in Informatics, 280, 1-20.



Results

GC NRP
- 10 : 1.0
g ’ —— baseline
= ] = mdx
“ 0.8 ; 0.8
(%0} s
(o}
- 62%
= 0.6 0.6
=
° 0.4 0.4
g v ¢
o 29%
2
f_g 0.2 0.2
e ' —— baseline
8 . e mdx |
001 19° 10t 102 0.0 1071 1g¢ 10t 102 10®
log runtime (seconds) log runtime (seconds)
baseline(*) Grow-based Enumeration + standard propagation

* Bleukx, I., Devriendt, J., Gamba, E., Bogaerts, B., Guns, T., & Yap, R. H. C. (2023). Simplifying step-wise explanation sequences.
Leibniz International Proceedings in Informatics, 280, 1-20.
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Results

=
o

o
fos]

GC 13.8x speedup Lo

0.8

—— baseline

v baseline-dng
—— mdx-
— mdx

=
48]
=
o
7]
2]
Q
e

14x :-

~ =

5

faster R 04 04
g —=— baseline
E 0.2 ¥— baseline-dng g2
g === mdx-
8 — mdx

001 10° 10t 10° 0.0 10t 10° 10t 10°
log runtime (seconds) log runtime (seconds)
baseline(*) Grow-based Enumeration + standard propagation
Divide-and-conquer + standard propagation
mdx- MDD propagation by MILP with lazy cut

* Bleukx, I., Devriendt, J., Gamba, E., Bogaerts, B., Guns, T., & Yap, R. H. C. (2023). Simplifying step-wise explanation sequences.

Leibniz International Proceedings in Informatics, 280, 1-20.

.........

10°

34



e s u s LLLLLLLLL

baseline baseline-dnq

[
o
<

N

Q
@

e

=X

108 ce wa@mo @@ O

=
T 5 =
£ o 107 107
2 £ £
@ ] E
=) @ @
GC o £ 10t E 10t
E 5 £
5 £ 2
2 § 2
= = 10° = 10°
T o
k=]
10° 10t 10? 10° 10° 10! 10% 10° 10° 10! 102 10°
log runtime (mdx) log runtime (mdx) log runtime (mdx)

25 wer 25
3 3 3
10 10 3 (} 10
o (]
Q 20 — 20
£ 102 L 10° Oi w102
; z
© ) ~
a
NRP = 10! 10! .’ 155 2 10t 1935
o g A £ %
£ =
= 8? . =
= o 12 10 2 10
S 10 S 10 Ct ° e 100
2 ® (] =
=] = [ )
] .
10t 10! 5 107! 5
101 100 100 102 10° 10! 109 10t 102 108 10 10 10! 102 10°
log runtime (mdx) log runtime (mdx) log runtime (mdx)

* MDX routinely solves instances in <10 seconds that force baseline methods to
hit the 15-30 minute timeout wall.

* Tighter Lazy Cuts and Fast Oracle Checks are essential to handle explanations
with high complexity.
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Results

Metric: Sequence length (depth) used as proxy for explanation conciseness [Bleukx
et al, 2023].

GC NRP
100

80

Shorter or equal-length
explanation

in ~90°/o instances

60

40

20

baseline-dnq sequence (steps)

20 40 60 80 100 10 20 30 40 50
mdx sequence (steps) mdx sequence (step)

* Bleukx, I., Devriendt, J., Gamba, E., Bogaerts, B., Guns, T., & Yap, R. H. C. (2023). Simplifying step-wise explanation sequences.
Leibniz International Proceedings in Informatics, 280, 1-20.
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Conclusion: The Voice of the Flow

* We give the solver a ‘voice’ through stepwise @ —
explanations, leveraging MDD representation, we use . "y !
network flow formulation to accelerate the explanation = \ch_e_’ E
generation. 5 =

- , UNSAT —

* Bounded Search Space: A top-down divide-and- ! o ==
conquer strategy, coupled with domain-level lazy cuts ‘ - .
and fast oracle checks. ; T~ .!UNSAT?

* Achieves 100% solvability and magnitude speedups on pxplain "

benchmarks compared to state-of-the-art baselines i step-bv’s",ep - -

37



	The voice of the flow: A graph-based approach for
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37

