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Solving MCM with CP



Introduction

Embedded computations everywhere
= Need for cheap and fast arithmetic operator implementations
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Digital Signal Processing for linear digital Discrete Transforms (Discrete Inference of Deep Neural
filter evaluation [Meh2011; How2014; Cosine, Fast Fourier) [Ghi2010; Networks [Gar2025; Hab2022]
Kum2023; Gar2022; Aks2007] Wen2015]

Multiple Constant Multiplication problem (MCM)

m Multiply an unknown integer by several fixed known integer target constants

m Exploit a priori knowledge of constants to design optimized implementations instead of costly
generic multipliers
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Motivation - Single Constant Multiplication
Illustration of SCM for T = {93} when using the binary approach of 934, = 1011101;,
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Motivation - Single Constant Multiplication
lllustration of SCM for T = {93} when using the Canonical Sign Digit approach of 934, = 10100101 ¢sp
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Motivation - Single Constant Multiplication
Optimal graph for T = {93}

— 2 adders
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Motivation - Multiple Constant Multiplication

Illustration of MCM for T = {7,19,93} when optimizing separately each single constant

{
1

Corresponding adder graph —> 5 adders
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Motivation - Multiple Constant Multiplication
Optimal graph for T = {7,19,93}

Adder graph

1
/—@ 1&% Adders
7 )

Fundamentals

—> 4 adders
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Formal definition - MCM problem

Input: T ={7,19,93}
Output:
m Optimization metric: number of adders

m A Doesn't perfectly reflect hardware cost but good
proxy variable

Definition (MCM)

Problem: MCM(T)
Input: Target constant set T

Output: Adder graph producing T minimizing the number of
adders
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CP Model



- ey
CP model - MCM problem

T C N: target constant set; w € N: maximal wordlength in T; N € N: number of adders.
(c1: vvell,N], avse =B, )
N £T C2: Vv e[l N], dv*c =
C3: Vve [[1, N]]; Ov,q * Cy,r = €y

Ca: Vvell,N], B =7 +e

C5: Yve[l,N], 6 >00ro,q>0
MCM(T)=N?7? N+—N+1 C6: Vv e [1,N],|a|=1xor|s|=1
— C7: TCH{c |ve[lN]}
yes no C8: =1
C9: Vv e [L,N—1], if #{v' € [v+1,N] | ps =
Return N vorq, =v} =0 thenc, €T
C10: allDifferent((cv)veo,ng)
Transform minimization problem into a Cl1: Vv e [1,N], ¢, mod2=1 )

sequence of decision problems
CP model for the decision problem, when N is fixed
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Constraints - Adder modeling

® p,,q,: parents of vertex v

m ¢,: constant produced by v

P Cav Can we break symmetries ?
|, <—
Tery v m We do not know ir_1 gdvance the non-target
fundamentals so difficult to break
- symmetries on them...
. m But possible to break symmetries on target

constants!
—n 1,
& =2""x(0yp*2" %Cp, +0y,q%Cq,)

Left shift only on the left input xor right shift on
both inputs [Dem1994]
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Symmetry breaking



o symmeybeaking
Symmetry breaking rule 1 - Choosing p, and g,

m Breaking symmetries between the 2 parents of v when ¢, € T:
= pv < qy
m If ¢, € T can be produced from different couples of parents:

= g, must be minimized;
= further ties are broken by minimizing p,.
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Symmetry breaking rule 2 - Partial order on fundamental sequences

Definition (Comparability)

Sy7:= S without T; S and S’ are comparable according to
T < 5¢T = 517—

With T = {19,93}, Sy, S, are comparable, but Sy, S3 are not.

Definition (Partial order <7)

€T ¢ €eT| Relation
Ch C1 C C3 4 % ~ -
S1= (1, 7, 31, 19, 93) 9 9 Cv _: Cu
S;= (1, 7, 31, 93, 19) v =T €y
S3= (1, 31, 7, 19, 93) v V |a=<raea<na
Sy = (1, 31, 7, 93, 19) 5 . o ~ o o
Sg = (1, aff oy 7. 19) With T = {7, 19,93}, S <7 SQ%T 53<T S4<T Ss.
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Minimal Fundamental Sequences (MFS) global constraint and propagator

MCM for T = {7,19,93}
Definition (MFS)

-1
MFS+ is satisfied if Rule 1 and Rule 2 are satisfied. *
1 i+ v, k<—v+1

2 while i < k do

3 forall T; € T\ (c,/)y/cfo,k—1] by increasing value do

4 forall / € [0, i] do

5 if ¢/ and ¢; can produce T; then

6 Ck<—Tj,pk<—/,qk<—l'...

7 k<« k+1

8 break

9 i<—i+1
10 if Kk < Nthen D(c) + D(ck)\ T
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Minimal Fundamental Sequences (MFS) global constraint and propagator

MCM for T = {7,19,93}
Definition (MFS)

MFSt is satisfied if Rule 1 and Rule 2 are satisfied.
1 i< v, k+v+1 e
2 while i < k do
3 forall T; € T\ (c,/)y/cfo,k—1] by increasing value do
4 forall / € [0, ] do
5
6
7
8

if ¢/ and ¢; can produce T; then

ck+— Tjp <, qe +i...
k<« k+1
break
9 i—i+1 .
10 if k < Nthen D(c) + D(c)\ T Propagation
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Minimal Fundamental Sequences (MFS) global constraint and propagator

MCM for T = {7,19,93}
Definition (MFS)

MFSt is satisfied if Rule 1 and Rule 2 are satisfied.

9

i v, k+—v+1
while i < k do

1

2

3 forall T; € T\ (c,/)y/cfo,k—1] by increasing value do (_| | 31 I
4 forall / € [0, i] do
5

6

7

8

if ¢/ and ¢; can produce T; then
L < Tjp <1, g +i...

k<« k+1
break
9 i—i+1 .
10 if k < N then D(c.) « D(ck)\ T Branching
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Minimal Fundamental Sequences (MFS) global constraint and propagator

MCM for T = {7,19,93}
Definition (MFS)

-1
MFS+ is satisfied if Rule 1 and Rule 2 are satisfied.

i v, k+—v+1
while i < k do

1

2

3 forall T; € T\ (c,/)y/cfo,k—1] by increasing value do
4 forall / € [0, i] do
5

6

7

8

if ¢/ and ¢; can produce T; then

ck+— Tjp <, qe +i...
k<« k+1
break
9 i—i+1 .
10 if k < N then D(c) « D(ck)\ T Propagation

Solving MCM with CP




Minimal Fundamental Sequences (MFS) global constraint and propagator

MCM for T = {7,19,93}
Definition (MFS)

MFSt is satisfied if Rule 1 and Rule 2 are satisfied.

i v, k+—v+1
while i < k do

1

2

3 forall T; € T\ (c,/)y/cfo,k—1] by increasing value do
4 forall / € [0, i] do
5

6

7

8

if ¢/ and ¢; can produce T; then
Ck < Tj, P |, qx < i...
k<« k+1
break

9 i<—i+1
10 if Kk < Nthen D(c) + D(ck)\ T

Time complexity of one MFS propagation is polynomial
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o symmeybeaking
Time complexity of Solving MCM with CP and MFS

Property
With MFS and suitable var ordering heuristic, our CP model never branches on target constants.

T C N: target constant set; w € N: maximal wordlength in T; N € N: number of adders.

K := N — #T € N: number of non-target fundamentals;

Theorem (Polynomiality)
When N = #T, MCM is solved in O(w - # T3)

Theorem (Fixed Parameter Tractability)
When N > #T, MCM is solved in O(2K" - w - N? . #T) = FPT time parametrized by (K, w)
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Results



Implementations and experiments

Our CP models
m CP: CP model written in Java / Choco [Pru2022]

= cPFS. cp + MFS global constraint in Java / Choco;

State of the Art
m ILP: ILP model of [Gar2023] written in Julia / Gurobi
m SAT: SAT model of [Fie2024] written in C++ / Cadical

Benchmark
m Widely-used collection of FIR filters that can be evaluated with MCM [Fir2021]:

= 83 instances
. 1 <|T| <51
- 4<w<19
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Performance results - MCM problem

1 R —
W W
c 6‘5\ \:_.‘_-_‘-_5---
R X e e St ‘-‘-‘-_-‘;_-‘= B
a .o""-
& 06| | m Time-out set to 1h
2 :
[
§ oal Approach | Solved
% 0. % |
£ § — CpMFS ILP 68%
el ',-"
2 | - === CP || SAT 89%
= 0.2 o !
@ e cp 88%
MFS | gg9%
0 P » Lol Lol Lol IR L CP ()
10-3 1072 1071 100 10 102 103

Resolution times (s)

Distribution of the solved instances proportion through time

Solving MCM with CP



Conclusion



Conclusion and further work

m Straight-forward CP model is competitive but not enough; new global constraints were

needed to outperform SotA
~+ Choco solver enabled rapid prototyping of new propagators: importance of open-source

solvers compatible with academic research

m Arithmetic optimization is a promising playground for CP
v

m Generalizing the MFS constraint to Straight-Line Programs
m Solving the Very Large Constant Multiplication (MCM with wordlength on up to 500 bits)

v

Thank you for your attention!
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