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WHAT IS A SYMMETRY?
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Intuition: Symmetries are permutations between solutions
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SYMMETRY-AWARE SETTING

Solution Space

sols = candidate solutions

D. Van Caudenberg, et al. (KUL) On Symmetries and Transformations July 23, 2026 2/14



SYMMETRY-AWARE SETTING

D. Van Caudenberg, et al. (KUL)

Solution Space

sols = candidate solutions
Coloured regions = equivalence classes

On Symmetries and Transformations

July 23, 2026

2/14



SYMMETRY-AWARE SETTING

Solution Space

sols = candidate solutions
Coloured regions = equivalence classes

D. Van Caudenberg, et al. (KUL) On Symmetries and Transformations July 23, 2026 2/14



SYMMETRY-AWARE SETTING
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Solution Space

sols = candidate solutions
Coloured regions = equivalence classes

Some transformations break all symmetry...
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TRANSFORMATIONS DESTROY SYMMETRY

Example: Structure-based extended resolution adds [CS13]; shortens

proofs, but can destroy symmetries...

Decompose a sum constraint using a prefix-sum decomposition:

Sum Constraint

Yz M

All variables are interchangeable
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TRANSFORMATIONS DESTROY SYMMETRY

Example: Structure-based extended resolution adds auxiliary variables [CS13]; shortens
proofs, but can destroy symmetries...

Decompose a sum constraint using a prefix-sum decomposition:

Z?:l ZTq Z M Z?:l T; > M
s0=0
All variables are interchangeable s =sj14x; (for1<j<n)
Sn Z M
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TRANSFORMATIONS DESTROY SYMMETRY

Example: Structure-based extended resolution adds auxiliary variables [CS13]; shortens
proofs, but can destroy symmetries...

Decompose a sum constraint using a prefix-sum decomposition:

Z?:l ZTq Z M Z?:l T; > M
So = 0
All variables are interchangeable s =sj14x; (for1<j<n)
Sn Z M
Auxiliary vars so, s1, ..., sn break all structure
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SYMMETRY-AWARE FRAMEWORK

A framework for . study how symmetries behave as problems
pass through a transformation pipeline.

Current situation: With this framework:
» Break symmetries before the » Preserve symmetry during
transformarions, transformations,
» or hope that transformations preserve » Such that can:
symmetry... Choose its own lex order [GMRO09]

Use dynamic symmetry
breaking [MGDW14, DBB17]
Exploit symmetries during
search [GHKO02]
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SYMMETRY-AWARE PROBLEMS

A symmetry-aware problem is a triple (P, V, G) with

> P, a , consisting of:
voc(P), the variables of P
form(P), the formula of P

» V C voc(P), a set of (the ones that “matter”)
» (G, a group of acting only on V

Inutition: “Project” away encoding details
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A symmetry-aware problem is a triple (P, V, G) with

> P, a , consisting of:
voc(P), the variables of P
form(P), the formula of P

» V C voc(P), a set of (the ones that “matter”)
» (G, a group of acting only on V

Inutition: “Project” away encoding details

voc(P) = {z1, .., Tn, 50, 50}

1%
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PROJECTED SYMMETRIES

A permutation 7 on V is a of P iff for every V-assignment a:

« extends to a solution of P <= 7(«) extends to a solution of P

Note: If V = voc(P): 7 preserves satisfiability of o. Otherwise, 7 preserves to a
solution.
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PROJECTED SYMMETRIES

Definition

A permutation 7 on V is a of P iff for every V-assignment a:

« extends to a solution of P <= 7(«) extends to a solution of P

Note: If V = voc(P): m preserves satisfiability of a.. Otherwise, 7 preserves to a
solution.
Example: sum decomposition with auxiliary variables sg, ..., s,

» V = voc(P): Permuting z1,...,x, is not a symmetry of the decomposed problem (the s;

impose a specific order)

> V =voc(P)\ {s0,...,sn}: It . any satisfying x-assignment remains
satisfying under permutation (just re-run the decomposition for the new order)
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SYMMETRY-AWARE TRANSFORMATIONS

A :
» maps (P,V,G) = (P, V' G")

» defines a reconstruction function p to map solutions of P’ to solutions of P
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SYMMETRY-AWARE TRANSFORMATIONS

A :
» maps (P,V,G) = (P, V' G")

» defines a reconstruction function p to map solutions of P’ to solutions of P

Example: (P,V,G) — (P,{},{}) is a transformation, but not a very good one..
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GOOD SYMMETRY-AWARE TRANSFORMATIONS

Property Intuition

‘P’ does not contain extra solutions
(preserves UNSAT)

No solutions of P are lost (modulo G)
(preserves SAT)
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The transformation does not split equiv-
alence classes

The transformation does not merge
equivalence classes
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GOOD SYMMETRY-AWARE TRANSFORMATIONS

Property Intuition

‘P’ does not contain extra solutions
(preserves UNSAT)

No solutions of P are lost (modulo G)
(preserves SAT)

The transformation does not split equiv-
alence classes

The transformation does not merge
equivalence classes

Perfect transformation

Satisfies all four properties — induces a
Safe for enumeration modulo G.
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CLASSIFYING EXISTING TECHNIQUES

Technique Rec. Sol-pres. Bwd-sym. Fwd-sym. Perfect?
Naive sum decomposition v v v X No
sum decomposition v v v v
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CLASSIFYING EXISTING TECHNIQUES

Technique Rec. Sol-pres. Bwd-sym. Fwd-sym. Perfect?
Naive sum decomposition v v v X No
sum decomposition v v v v

Sum decomposition: the punchline

Simply from the decomposition encoding makes it a
transformation — symmetries are fully preserved.
Same holds for [BB03], [HGH23]..
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CLASSIFYING EXISTING TECHNIQUES

Technique Rec. Sol-pres. Bwd-sym. Fwd-sym. Perfect?
Naive sum decomposition v v v X No

sum decomposition v v v v
Symmetry detection [MP14, AS21] v/ v/ X v No
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CLASSIFYING EXISTING TECHNIQUES

Technique Rec. Sol-pres. Bwd-sym. Fwd-sym. Perfect?
Naive sum decomposition v v v X No
sum decomposition v v v v
Symmetry detection [MP14, AS21] v/ v/ X v No
[CGLR96] v v v 4
Partial SB v v v X No
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PRACTICAL REALISATION: FORKENCODER

Goal: Implement a perfect symmetry-aware transformation for PB to CNF encoding.

ForkEncoder

» Input: PB formula (OPB format)
» Output: CNF encoding + auxiliary graph encoding original PB symmetries

» Connects to [ABR26] (symmetry-breaking preprocessor),
which reads the graph instead of detecting symmetries from the CNF

— Satsuma —> Kissat [BFF24]

CNF
PB formula — ForkEncoder
auxiliary graph

(symmetries here!)
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EXPERIMENTAL RESULTS

Benchmark: Instances from PB Competition 2025 [Rou25] — 354 instances with non-trivial
symmetries

Configuration Solved Avg. time PAR-2
No symmetry breaking 247 1602s 3114s
SBP from CNF (baseline) 265 1372s 2629s
> solved vs. CNF-based SBP
> in average solving time vs. CNF-based SBP
P Auxiliary graph indeed that are lost in the CNF encoding
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sbp_graph Total Time (s)

Comparing Total Solving Time
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Timeout (5000s)

sbp_graph has more structure (n=163)
sbp_cnf has more structure (n=20)
Equal structure (n=101)
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SUMMARY & TAKEAWAYS

What this paper gives you:

A for tracking symmetry through transformations
are the key mechanism for handling auxiliary variables

are safe for isomorph-free enumeration and counting

el A

of key concepts: 12.6% speed-up on real benchmarks
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SUMMARY & TAKEAWAYS

What this paper gives you:

A for tracking symmetry through transformations
are the key mechanism for handling auxiliary variables

are safe for isomorph-free enumeration and counting

el A

of key concepts: 12.6% speed-up on real benchmarks

Thank you!

Questions?
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